Hamiltonian lattice QCD with Wilson fermions is investigated systematically by strongcoupling expansion up to the second order. The effective Hamiltonian is diagonalized by Bogoliubov transformation. The vacuum energy, chiral condensate, pseudo-scalar and vector meson masses are calculated. The comparison with the unitary transformation method by Luo and Chen is also made. The method discussed in this paper has potential application to QCD at finite density.
Introduction
Lattice Gauge Theory (LGT) proposed by Wilson [1] is the most promising non-perturbative method for QCD. In comparison to other techniques, the advantage of LGT is that there is no free parameter when the continuum limit is taken. There are two different approaches: Lagrangian formulation and Hamiltonian formulation. Lagrangian formulation is convenient for Monte Carlo simulations. Hamiltonian formulation is useful for analytical calculations [2, 3, 4, 5, 6, 7] . Although the standard lattice Lagrangian Monte Carlo method has been successful in many aspects of LGT, it unfortunately breaks down at finite chemical potential due to the "complex action problem". On the other hand, lattice QCD at finite chemical potential formulated in the Hamiltonian approach does not encounter the complex action problem. Recently, Gregory, Guo, Kröger and Luo [8] investigated the finite density Hamiltonian lattice QCD with naive fermions, using the unitary transformation, variational method and Bogoliubov transformation method developed by Luo and Chen [5] .
It is well known that naive fermions experience "species doubling". Kogut-Susskind fermions and Wilson fermions are the most popular ways towards solving of the problem. Although the doubling problem has not yet been completely solved, Kogut-Susskind fermions are frequently used for exploring the spontaneous breaking of the U(1) chiral symmetry. For Wilson fermions, the doubling modes are removed, but chiral symmetry is explicitly broken and fine tuning of the fermion mass remains to be done; This method is very popular in spectrum computations, due to the existence of the flavor symmetry.
In this paper, we study the Hamiltonian lattice QCD with Wilson fermions by strong coupling expansion method. The effective Hamiltonian is Fierz-rearranged, re-expressed by meson operators, and then diagonalized by Bogoliubov transformation. The vacuum energy, chiral condensate, pseudo-scalar and vector meson masses are computed.
The rest of the paper is organized as follows. In Sect. 2, we obtain the effective Hamiltonian using strong coupling expansion. The physical results are presented in Sect. 3 and Sect. 4. The conclusion is provided in Sect. 5.
Effective Hamiltonian at strong coupling
We begin with the (d+1)-dimensional lattice QCD Hamiltonian with Wilson fermions
where m, a, r and g are respectively the bare fermion mass, lattice spacing, Wilson parameter, and bare coupling constant. U(x, k) is the gauge link variable at site x and direction k, and ψ is the four-component spinor. The convention γ −k = −γ k is used. E α (x) is the color-electric field and summation over α = 1, 2, ..., 8 is implied. U p is the product of gauge link variable around an elementary plaquette and in the continuum, it represents the color magnetic interactions. However, at the strong coupling, the color magnetic energy (the last term) can be ignored.
We want to diagonalize H so that the fermion field ψ can be expressed in terms of up and down 2-spinors ξ and η †
The bare vacuum state |0 is defined by ξ|0 = η|0 = E α j (x)|0 = 0. Since the up and down components are coupled via the γ k matrices, the bare vacuum is not an eigenstate of H.
For the convenience of strong coupling expansion, we introduce the un-perturbative term W 0 and perturbative term W , i.e., 2a
where
The ground state energy is g 2 ε/2a, where for 1/g 2 << 1, ε can be approximated by
and ε (2) are the zeroth, first and second order corrections:
From (4) and (6), we obtain Here N s , N c and N f are respectively the number of lattice sites, colors and flavors
and 1/(2Ma) is an analog of the κ parameter in Lagrangian LGT. Using
the second order correction becomes
e. the Casimir invariant. From (7) and (10), we have
Therefore, the effective Hamiltonian is
This equation will serve as our starting point, where
and
is the effective coupling of the four-fermion interactions. The color index c and flavor index f are explicitly written, and summation over repeated index is implied. It is easily proven that the contribution from terms proportional to O(r) vanishes. In order to express the effective Hamiltonian by meson operators, we perform a Fierz transformation so that (13) and (14) are rearranged as,
where the matrices Γ A and their coefficients L ′ A and L A are given in Tab. [1] and Tab. [2] , and summation over the index A is understood. Note our basis of the sixteen Γ A matrices is the same as the standard reference [11] , but it is different from Smit [3] .
Substituting (15) and (16) into (12), we have
where σ j = ǫ jj 1 j 2 γ j 1 γ j 2 . This effective Hamiltonian describes the nearest-neighbor four fermion interactions. For r → 0, H ef f is the same as that from the unitary transformation method using by Luo and Chen [5] . Define the pseudo-scalar meson operator Π and the vector meson operator V as [8] Π
Then Eq. (17) can be re-expressed as
where the contributions of the pseudo-scalar mesons are vector mesons are respectively
Meson masses
After a Fourier transformation
H Π in (20) becomes
The Bogoliubov transformation
will lead to the diagonalization of H Π , if the parameter u p satisfies
Therefore, after the Bogoliubov transformation, the diagonalized H Π becomes
From (25), (26) and (27), we obtain the dispersion law for the pseudo-scalar mesons, i.e. the relation between the energy E Π of the pseudo-scalar meson and momentum p:
For naive fermions (r = 0) in 3+1 dimensions, according to (28), we reproduce the result of Luo and Chen [5] :
e. the PCAC theorem; In the chiral limit m → 0, the dispersion law tells us
One sees that there exist two zeroes at p = (0, 0, 0) and p = (π, π, π). This is a well known "doubling problem". For Wilson fermions (r = 0), the doubler modes are removed, but the chiral symmetry is explicitly broken. In order to define the chiral limit, one has to fine-tune M → M c so that the pseudo-scalars become massless. From (28), we get
According to this formulae and (28), near the chiral limit, the mass of a pseudo-scalar behaves as
which is the PCAC relation for a pseudo-scalar in the Wilson fermion case.
We now consider H V in (21) similarly. After a Fourier transformation
and a Bogoliubov transformation
we obtain
Therefore, using (30), the dispersion relation for the vector mesons is 
where the chiral limit has been taken. One sees that there exist six zeroes on the boundary of the first Brillouin zone, p = (π, 0, 0), (0, π, 0), (0, 0, π), (π, π, 0), (0, π, π), (π, 0, π), due to the "doubling problem". For Wilson fermions (r = 0), the doubling problem is avoided, and the mass for a vector meson is
where (34) has been used. In the chiral limit M = M c ,
which is independent of the Wilson parameter r.
Vacuum energy and chiral condensate
The vacuum energy is the vacuum expectation value of the Hamiltonian
